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δS[x(t)] = δ

∫ t2

t1

L(ẋ(t), x(t), t)dt = 0 F>^�X
δS[x(t′)]

δx(t)
=

d

dt

∂L

∂ẋ
− ∂L

∂x
= 0 F�AaX

d OQ2 N 4>6Qj;[�7;:L�]�g:98Q8;:g47691 i = 1, ..., N 0��a0�2!ID8cIa��:g�a1\�iW<S
d

dt

∂L

∂ẋi
− ∂L

∂xi
= 0, i = 1, ..., N F�_gX
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L(x, ẋ, φ, φ̇) = 1

2
(m1 +m2)ẋ

2 + 1

2
m2(l

2φ̇2 +2lφ̇ẋ cos(φ))+
m2gl cos(φ)

m2

m1

φ

x
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dL

dt
=

d

dt

(

∂L

∂ẋ
ẋ

)

+
∂L

∂t
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p

p =
∂L

∂ẋ
F�ÙgX
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H(p, x) = pẋ − L F�ÝgX

�n2Vkw:�[;O91 ∂tL = 0 ¬>2 H = const Y;�U1gf F¸E<XZ`ed²O92!MP1�RH2VOQ2V8J��1\�D� H 0��a0�2

dH(p, x) = −ẋdp +
∂L

∂x
dx +

∂L

∂t
dt ��:�IDW][w:aOQ:L�U8c�D0�2�4 FÓ¢DX

dH(p, x) =
∂H

∂p
dp +

∂H

∂x
dx +

∂L

∂t
dt [;OQ13Ia0�:�MP:<4>6i���LID0�2 F¸¤gX

ẋ =
∂H

∂p
|x=const

Fih<X

ṗ = −∂H

∂x
|p=const

F>^5C<X
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L(ẋ, x, t) = EK − U =
1

2
mẋ2 − 1

2
kx2 − U(x, t)

�@S<kc8;:g47=
p =

∂L

∂ẋ
= mẋ

�(ID0�1���69:g8;:L�LI RHj;8c�iWU13I
H(p, x, t) = pẋ − L =

p2

2m
+

1

2
kx2 + U(x, t)
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ṗ = −∂H

∂x
= −kx − ∂xU(x, t) `�`3`e�U�3Ig4>6Q8;2 :�2=<­69:a8c:L��I [w:a�USUkJ:L�L��O9:L�U8;1\�VI F7^a^�X

ẋ =
∂H

∂p
=

p

m
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ḟ =
∂f

∂x

∂H

∂p
− ∂f

∂p

∂H

∂x
F>^5_<X

= −i {f, H} F7^VE<X
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{., .} = i

(

∂.

∂x

∂.

∂p
− ∂.

∂p

∂.

∂x

) F>^NÙgX
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{A + B, C} = {A, C} + {B, C} F7^5ÝgX
{AB, C} = A{B, C} + {A, C}B F7^�¢DX
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{A, B} = −{B, A} F>^N¤gX
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< p1 >= 〈Φ| p1 |Φ〉 =

∫

dx1..dxNΦ∗(x1, ..., xN )p1Φ(x1, ..., xN ) F>^=h<X
d OQ25M;[;134²WL�D8;:g8;13�iWgÛV�;:�WU�LID8<6Q:L��Ia8;1\I(kw2VOQ132@�@Ia0�13��69:a8c:L�a2.OQ:L�<8c13�V2�IDWa:�Wg:aOQ2VW<698cÛ.1c��W<�LIa8g6Q:L�a27¬�0�25�i�JID8;13Wa2gYa13kcI

4�?;OiIaMP8;1\��2 xi
I�W]8;130£[cID69OQ13Ig��2�TV:L� 
92V:akw25�V8;2V8cÛ(�USUk;8;:<4>6Q1 pi

j;°�8;132!4�?}�V�349�3I�Ia��2�8;25Wa:a0 jP69jD¬5?c��2�:a[w2VOi�L6Q:aOQS
xipj − pjxi = [xi, pj ] = ih̄δij .
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TδΦ(x1, ..., x, ..., xN ) = Φ(x1, ..., x + δ, ..., xN ) = (1 + δ∂x)Φ(x1, ..., x, ..., xN ). F�AP^�X
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p ∼ ∂x
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725:akw25�V8;:g47691+Wa:g0�[;��2	�P8c�GF¸I�8;132�1�kJIOQ25�a��8cI<X²RHj;8;Wg�V13IcY;��:�4QI�Mc� 8iID�cWa:��U13MP132�=�[cO92«¬>25M;8<jG�g:98Q8 ?G�VIg4>6Q13�Vj#`

K(:a0 jP6Q�D69:aO�69OQ:P�i��8Qj;k#`²:a[w2VOi�L69:gO9:L��0���8cIa49�325MP:L�U8;ÛB�U�3Ig4>6Q8;:g47691Ób
^a` [a, b] = [b, a]

AP` [a + b, c] = [a, c] + [b, c]

_;` [ab, c] = a[b, c] + [a, c]b

� 69:g�;:��<SU[;�3�U�LI [cO92 8Qj;kJ:L�g:a�38;�]:g[J25OQ�D69:aO f(p, x) �
^a` [p, f(p, x)] = −ih̄∂xf(p, x)

AP` [x, f(p, x)] = ih̄∂pf(p, x)

�(ID0�1���69:g8;:L�a2BOQ:L�<8c13�V2([;OQ2�:a[w2VOi�L6Q:aOQS x I p 6Q25M;I�0�Úa°52V0�2�[;�34QIL=@IaWa:��
iṗ = [p, H ] FÓAaAaX
iẋ = [x, H ] FÓAD_<X

	 132�6Q:�O9:L�U8;1\��2B0�IL¬5?
O9132=
92V8;132
p(t) = eiHtpe−iHt F�ALEUX
x(t) = eiHtxe−iHt F�AaÙgX
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!��",�����D�;&0���>9�

A+
� 0
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f
�

g
�3$E�&��L

∫

g∗Af =
∫

(A+g)∗f
M"� � ��
�5&���"


A
(*�=�	�"$E5#����

>9� �����3(���.G���

A = A+
M
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�����; !-��M 0�M
f(p) = f(0)+f ′(0)p+f ′′ pp

2
+ ...
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x
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f
,�>A63(���$ M

, � �+����
���,=8�;�����>9�C���";���L �"�.- 0������3�����	6 �����
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I 692NM;I :g[J25OQ�D69:gO9SÑ49I � �VIg472Å�<SU�U�N¬7IL¬5? [J:g0�:P�V:aj j;8c1¯6i�DOQ8;2>¬]6QOQIa8c47RH:aOQ0��g��132 U(t) = e−iHt ` Q 8;1�6Q�aO98JI;Y�6N` ¬�`
U−1(t)U(t) = eiHte−iHt = eiH(t−t) = 1 � `Õd�:a0�:P��:gjÑO9132=
92V8;�.[cO92 p(t) I x(t) 8cIDWg:a8;1325�GMP:<4>6iID8;250�2}[;O928Qj;kw:L�a:a�38;�]:g[J25OQ�D69:gO f(p, x, t) = eiHtf(p, x)e−iHt I 692NM;I

iḟ = [f, H ], FÓADÝ<X
Ia��25kJ:

ih̄ḟ = [f, H ], FÓAg¢aX
IaW][;OQ2>¬7MP250�2�W��U¨n¬>2NMP8;:a69WL�D0G`e¥@1\MP�30�2�°V2�d�:a1\4949:a8;:L�g2@TN�L69�g:aOQWUS�8cID:gT5IL¬�[;O92NM;476QI��UjL¬5?
W<�\Ia491\�iW ?Î��130�1¯6QjGWa:a0 jP6Q� >6Q:aOQj

[., .] → h̄{., .} FÓAD¤gX
¥ 
7130�8;1�0�2!491�Y °V2BWU�U0 T([w:a�USUkw:L�<�P�i�ÎO9:L�U8;�\��8c�a0 h̄ �<SU[cIgMP8;2�I 6925McI!6Q��IaO.O9:L�U8;�\��T5:g476QIa8;2aYU[;OQ2(:g[J25OQ�D69:gO9S p I x0��D0�2

[x, p] = ih̄ → 0,

6N` ¬�` Wg:a0 jP69jL¬5?n`
� :Ï6Q2VOiIDTÎ490�2Î[cOQIg��:L�LID�31²4�[;OQ25M;476QI��g:aj#Y�°V2
:a[w2VOi�L6Q:aOQSÅ4QIÏ�USU�<�N¬7ID¬5?��'�VIa492ÎIÅ4>6iI��USÂ4�?�:gkP¬>2VW<6>S'M;ID8cÛ�[;OQ2

t = 0 ` 	 :D6Q:�8cIDT5�<�LIa0�2�6QTV�+`.��2513492V8Ukw2VOQ�a:L�]:gk;OQIaTa` Q WL�D°52V0�2�491#°V2��P�i�;OQªUM;1�8;25O9�g:L�LI�OQ:L�U8;13�5I;YcIaWa:B¬>jÏ[w:aT58c�D0�2aY¬>2�25W<�U13�LID�32V8<698c��MP:g[J:<471\I 8.�USU�3:a°V258;2>¬�6925ªaOQ1�1�WU�LID8<69:L�LIa8;13Ic`
iḟ(t) = [f(t), H ] → f(t) = eiHtfe−iHt F�A h<X

〈φ| f(t) |φ〉 = 〈φ| eiHtfe−iHt |φ〉 = 〈φ(t)| f |φ(t)〉 F¸_gCgX
d OQ1\��:a0

i∂t |φ(t)〉 = i∂te
−iHt |φ〉 = H |φ(t)〉 F�_;^NX

�V:(¬>2��;�i�;O��PMP138;�g2VOQ:L��I�O9:L�U8;1\�VIc`
K��a8;:a8;1\�iWaÛ(WU��Ia8<69:L�LID8;132�0���6Q25M;I�8cIg47�325M;:L�<8R?B
>6QO9j;W<6@?;O9j
[;OQ2!47SP4769Û50£4 N 4�?;OiIaM;8;13�5ID0�1 {xi}N

i=1
b

^a`­d�:g476QI��U��0�2BWU�3Ig471\�iWR?
�%ID�aOiID8c�a2V:L�Uj�RHj;8cWg��13j
L(ẋi, xi).

AP`2:@�D¬7MP2V0�2��US<kc8;:g47691#I��(ID0�1���69:g8;:L�Uj]RHj;8cWg��13j

pi =
∂L

∂ẋi

H(pi, xi) =
∑

i

ẋipi − L

_;`­d�:g4769j;�3jL¬>2V0�2�Wg:a0�j;6QIa�V8;ÛB�<TV=QIa�<S
[xi, pj ] = ih̄δij

Ec`+�([J25OQ�D69:gO9S]49[;  7cIL¬5?GMPSU8cID0�1\�iWaÛBO9:L�U8;1\��2
iṗi = [pi, H ]

iẋi = [xi, H ]

	 2V8<69:}[cO9:g�aOiID0 6Q2VOiIDT�130�[c��250�258<69jL¬>250�2Î8cI}�cIaO90�:g8;13�iWU�Ï:<49�V1��\�L6Q:aONYnOQ2�6Q13IaTVWUjÂ:g4Q��13�3�D69:aOQ:L�ÏIG1\�i��MP���c:L�<�38;8R?
�31�0�1�69j > �<�38;258;1�2@Wa:a8<6Q1�8UjcIc`nd OQ� 491c2 
>6Q2�ID�32.j;WL�D°V250�2@IDWg:�4QI�M;��[w2VWU8;2@I«¬>2NMP8;:PMPjc�i�c:!MP:g476QID=²�@ID0�13�¯6Q:a8;1\���VIg4>6Q13�V2�
4>RHÛ5O91\�iWU�U�i�
4�?cOQIgMP8;1\��1\Ia�i�#`
MNMNM
´�tL½H�#��r;¿ ` :(�L¬7MP1�692.�@Ia0�1���69:g8;13�a8!�a: 898c2>¬%�5Ia476913�a2²�!47RHÛVOQ1\�iW<�P�i��4�?;OiIaMP8c13�V13Ig�i�#Y5WU�LID8<6Q:L��Ia8;�30 �%ID�gOQIa8;�a25:L�a2>¬wRHj;8;W<��132
�5Ia47691\��2��US5¬7IgMPOQ2V8;27¬�j;°���47RHÛVOQ1\�iW<�P�i�G4�?cOQIgMP8;1\��1\Ia�i�

L(r, φ, θ) =
1

2
m
(

ṙ2 + r2θ̇2 + r2 sin2(θ)φ̇2
)

.

�
eAeB = eA+B

��8��F���
[A,B] = 0

Ù
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92�6QWa:�[;OQ13Ia0�:P�V13IaO92gYUIa°(8JI�R¸IaW<65YP°V2�WL�D8c:a8;1\�iWUS�T5MPOQj;°V258;ÛB�<SUk;8c:g47691+69OQ2VkJI jcO9:gk;1¯=.��25O90�138;:L�P47WU�U0�1+2 �P[;�313� >1�698;2g`�:@Ia[;O5` pr = mṙ �V: 4QI!8R?;WLI![w:a�3:a°51¯= pr = −ih̄∂r
` 	 IDWU�<69:�:g[J25OQ�D69:gO²ID�32@8;132�¬>2(��25O90�1�69:L�P49W<�GFH�]47RHÛVOQ1\�iW<�P�i�

4�?;OiIaMP8;1\��1\Ia�i�wX�I 6iIDW�6QO925kcI��<T513ID= pr = −ih̄∂r − i
r
` 	 258g6Q:�69�LIDO.8c�D¬7MP2V0�2�T�ID8JID�3�<T5S]8;2 > �@2VOQ0�1�69:L�P49Wa:<4>6Q1J[;OQ�aÛ5�;:[w:a0�:P��:gj

∫ ∞

0

r2drg∗(r)(−ih̄∂r)f(r).

[w:aj;°51¯6Q��0 138g6Q2V�gOQ�g��132�� ������� ���
� � 
i`ed�:PMP:gk;8;2�4 pθ
I pφ

I�8cIDWg:a8;1325��MP:<4>6iID8;250�2�Wg:aOQ2VW<698;�]�(ID0�13�¯6Q:a8;1\�D8#`MNMNM
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H =
p2

2m
+

1

2
kx2 F¸_gAgX

ṗ = −ω2x F¸_a_<X
ẋ =

p

m
F¸_DEUX

d�:�WU�LID8<69:L�LID8c��YU���;�i�;O��PMP138;�g2VOQ:L�a:a0 :akcOQIaTV2BO9132=
91�0�2�[cIaOQ�V13�a��8UjÎM;1¯RH25O9258c��1\�D�38UjÎOQ:L�U8;13�Vj
[

− h̄2

2m

d2

dx2 +
1

2
kx2

]

φ(x) = ih̄
dφ(x)

dt
, F¸_gÙgX

Ia��25kJ:�[;OQ��[JIaMP8;2�W�69:a0 jÎ[JIL69OQ1\Ia��1��U�\Ia47698;��[;O9:gk;�3ÛV0
[

− h̄2

2m

d2

dx2 +
1

2
kx2

]

φ(x) = Eφ(x) F�_aÝgX
	 IDW<69:|470�2
[J:<4>6Qj;[w:L��Ia��1­�'8cI 
7:g0 [;O9�g:a0 :akw:aT58c�D0�258;�«4QI|4�WU�LID8<69:L�g:aj'0�25�i�JID8;13Wa:gjÕFH8cIa[;ON` � _ � X�Ye6925OQIaT

[w:aj;°51 ¬>250�2!47: �J4>6Q1�Wg:L�LID8;27¬�
713j�0�2�6QªPMPj > 6QIL¬>:g0�8 ?�

� ��� G K � J���������� CP`­�(ID0�13�¯6Q:a8;1\�D8

H =
p2

2m
+

1

2
kx2

I
[x, p] = ih̄.

k;jJMP2V0�2�OQ1�2 
71�=�T5I��g25MP258;��0m:g[J25OQ�D69:gO9:L�

a =
1√
2h̄ω

(i
p√
m

+
√

kx) F�_<¢aX

a+ =
1√
2h̄ω

(−i
p√
m

+
√

kx) F�_a¤<X

[;OQ2�W<69:gO9ÛB0��D0�2
^a` H = h̄ω(a+a + 1

2 )

AP` [a, a+] = 1

_;`2:�2N�i� H |n〉 = En |n〉 [w:D69:g0 Ha+ |n〉 = (En + h̄ω)a+ |n〉 I][J:PMP:gk;8;2 Ha |n〉 = (En − h̄ω)a+ |n〉 `!F�I[;OQ2�69:�1\�i�Î�g:a�\�D0�2����.�.��� K��.I �IK���� � J ��� K�� :a[w2VOi�L6Q:aOQS�X
Ec` H ¬>2@TV:!49[w:UM;j�:a�;OiID8;1\�VIa8;��I�[;OQ2�6Q:�0�jc49�c2	�P134769:L�LIL= 476QI���4 8cID¬>8;1�° 
7:gj 258;2VOQ�a13:aj�[;OQ2.W<69:gO9� a |0〉 = 0 I�6Q25M;I

E0 = 1
2 h̄ω ` � 6Q:a�;:�:aWLIa0�°51¯6Q2 En = h̄ω(n + 1

2 ) `
ÙP`2:�:gO90�ID�313T5�a�V13Icb 〈n − 1| aa+ |n − 1〉 = 〈n|n |n〉 YP65` ¬�` |n〉 = 1√

n
a+ |n − 1〉 = 1√

n!
[a+]n |0〉 `

	 �U0!6Q:�470�2�[;OQ:ak;�3ÛV0£�<SUOQ1�2 
713�31�`e?�W
�i�c��250�2(RHjc8;Wg�V1�2�� x OQ2V[cO925TV2V8<6i�a��131w6QIaW]8cID[cO5`�[;OQ2�T5IDWU�Ó` 4>6iI��
aφ0(x) = (−ih̄∂x − iωx)φ0(x) = 0

T!�V:a�;:N8iID�;Wg:�MP:<4>6iID8;250�2
φ0(x) =

(

2ω

πh̄

)1/4

e−
ω
h̄

x2

.

���;�V1¯6Q:L��Ia8;Û�4>6iI��US�MP:g476QIa8;2V0�2�[w:UM;:ak;8;2�Ia[;��13Wa:L�LIa8;��0 a+ 8cI 6�?P6Q:�RHj;8;W<��13j#`Q ��Ia°VjL¬>0�2 6925OQIaT��5Ia49:L�<�
�U�U�a:D¬�`�K��U0 [;OQ2�:g[J25OQ�D69:aOQS
�<SUk;8c:g47691eI�[w:a�3:a�USG[;�\IL6Q1��31e��2V1\492V8UkJ25O9�g:L�aÛ!OQ:L�U8;1\��2��
6Q��IaO92

ṗ = −kx, ẋ =
p

m
, F¸_9h<X
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iȧ = [a, H ] = ωa FHE<CgX

i ˙a+ = [a+, H ] = −ωa+ FHEc^�X
W<69:gO9Û��U132V0�2�[;O91\ID0�:�138g6Q2V�gO9:L�LIL=­8cI

a(t) = ae−iωt, a+(t) = a+eiωt. FHE<AgX
� 13Ia�a:g8cID�31�TN�a�V13I
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92V8;132
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76>�U�eO9132=
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Q ��Ia°VjL¬>0�2�O92V691\IDT5W<j N �c0�:a698;�P�i�Ïkw:PMP:L�
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L({yn, ẏn}) =
∑

n

1

2
mẏ2

n − 1

2
k(yn − yn−1)

2 FHEg_<X

ÿn =
k

m
(yn+1 − 2yn + yn−1)

FHEaEUX
d�:�WU�LID8<69:L�LID8c�w0��a0�2 [yn, mẏn′ ] = ih̄δn,n′

I�8cIa[;ON` �;�i�;O��PMP138;�g2VOQ:L�<j�O9:L�U8;1\��j
[

∑

n

− h̄2

2m
∂2

yn
+

1

2
k(yn − yn−1)

2)

]

Φ(y1, . . . , yN ) = EΦ(y1, . . . , yN) FHE<ÙgX
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




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
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








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












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∑
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∑
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`�d OQ1�[w:a0�2V8c0�2�491
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N

N−1
∑

n=0
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F�ÙDC<X
I�°52B[cO92�OQ25�D�38;2 yj
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L(ẏk, yk) =

N/2
∑

k=−N/2+1

1

2
mẏkẏ−k − 1

2
k(2 − 2 cos(2πk/N))yky−k

F�ÙP^�X

=

N/2
∑

k=−N/2+1

1

2
mẏkẏ−k − 1

2
mω2

kyky−k
F�ÙaAgX
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√
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ṗk = −mω2
ky−k

F�ÙD_<X
ẏ−k =

1

m
pk, F�ÙLEUX
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4«8;2VT5���U1\47�3�U0�1
4�?;OiIaMP8;1\�VIa0�1#I [cO92V69:�k;jcMP250�2�W<�LIa8g6Q:L�LIL=­1�kcI yk

`
d�:g4769jc��jL¬>250�2�6925McI
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mωkyk
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√
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√
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(ak + a+
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pk = mẏ−k = i

√

h̄mωk

2
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Wa:g0�jP6iIa��8cÛ(�UT�=iID�US
[

ak, a+
k′

]

= δk,k′ , F¸Ý;^�X
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[

a+
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]
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∑
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k ak +

1
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√

k

m
2| sin(πk/N)|, [ak, a+
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k1√
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∑

k′

〈n|k′〉 〈k′| a+
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∑
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√
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∑
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+ O(d2), F¸Ý9h<X

�V:(¬>2�[cOQI��L��4>6QOQIa8cI O9:L�U8;1\��2�FHEgE<X«I��<�38;:L�L��O9:L�U8;1\�VI 8c�a0 [;OQ2>¬7MP2�8cI 6Q��IaO
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∫
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1

2
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√
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k, k = 0,±1,±2, . . . FÓ¢aAaX
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√

h̄

2mωkN

(

akei2πkn/N + a+
k e−i2πkn/N

) FÓ¢�EUX

=

∞
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√
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1
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q=−∞
eiq(x−x′) = ih̄δ(x − x′), FÓ¢a¢aX

WPMP2 δ(x − x′) ¬>2 � 13OQIg��:L�LI�MP2V��6QI RHj;8;W<��1\I;YP[;OQ2�W<69:gO�?Î[;�3ID69�

δ(x − x′) =

{

0 x 6= x′

∞ x = x′ , FÓ¢L¤<X

WPMP2�8;25Wa:g8;25�V8;:g47=«OQ:aT5j;0�1�250�2B�]6QIDWg:a0 T50�SP49��2�IDkUS
∫

δ(x − x′)dx = 1, FÊ¢IhgX
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7258;��[;OQ25M;�i�J�aMPTNIL¬5?c�V2>¬��5Ia47691

H =
∑

q

h̄uqa+
a aq

F¸¤aC<X
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d OQ130��aO98US �V1�2=8�6927¬©69:'[w:UMc�VIa47691�¬>2ÏM;2V0�:a8F
769OQ:L�LIL=�[J:gj;°V1�692ÏMP:a6925OQIaTÎ�USUk;jcMP:L�LIa8;ÛV�;:ÂID[JIDOi�L69jÁ8cIÎ¬>25MP8c:UM;jc�i�;:a0
[;OQ:akc��Û50�2g`�?�Wg:G�<�P49��2NMP:aWÅMP:g476QIa8;2V0�2�47[w:a8<6i�D8;8UjÂ2V0�1\4713j|RH:a8;ªg8;:L�zI
T�69:g�;:}�US<[c���U�LIL¬5?c�VjÅ8c25476QIDkc1��31¯6QjÂ2 �;��1�69: >�LID8c�U�i�G476QI��a:L��25��25W<69OQªa8Uj���69j;�;27¬«�\�L6QWa2g`�d�:gj;°V1 ¬>2V0�2!IL6Qªa0�:L�aÛ�¬>25M;8;:D6QW<S�WUM;2 h̄ = me = e = 1 `
�	�3³ �¸o {}r;~��¸�¸�5xwu%���;u vU��vg���5tL¾Ju�À¼r|~'tL�¸v
	D��Ë

H = −1

2
∂2

x +
∑

n

U(x − R0
n − yn) +

∑

k

ωka+
k ak

F¸¤;^�X

[;OQ1\��:a0 U(r) ¬>2�[w:D69258c��1\�D��25��25W<69OQªa8UjÎ�ÎMPÚg49��2NMPWUjÎkw:PMPjG0�O9132V°5W<S���[w:U�V13ID69WUj#`�d OQ2�0�ID�3ÛBWU0�1�6>S�0�O9132V°5WUS]0��D0�2
U(x − R0

n − yn) = U(x − R0) − ∂xU(x − R0
n)yn + O(y2

n) F¸¤gAgX
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H0 = −1

2
∂2

x +
∑

k

ωka+
k ak

F¸¤a_<X

I�138<692VOiIDW<��8;�]�V��258
V = −

∑

n

∂xU(x − R0
n)yn

F¸¤DEUX
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|α, n(k)〉 = φα(x)Πk

[

a+
k

]nk

√
nk!

|0〉 F�¤gÙgX
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�Î�@:U�V1;kUS 490�20�:a�c��1«[J:<4>6Qj;[w:L��ID= 
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Pα′,α(t) = |Aα′,α(t)|2 =
∣

∣〈α′, n′(k)| e−iHt |α, n(k)〉
∣

∣

2 F¸¤aÝ<X
�PIa0�:D698J��Ia0�[;��1�6�?JM;I�[;OiI��UM;2V[w:UM;:ak;8;:<4>6Q1+[;O91�69:g0£49[;  7JI 25�U13MP258<698;2�OQ:L�U8;13�Vj

i∂tAα′,α(t) = 〈α′, n′(k)|He−iHt |α, n(k)〉 F�¤<¢aX

=

(

eα′ +
∑

k

ωkn′(k)

)

Aα′,α(t) + 〈α′, n′(k)| V e−iHt |α, n(k)〉 F�¤a¤<X

d OQ:akc��Û50 k;jcMP250�2GOQ1�2 
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i∂tAα′,α(t) =

(

eα′ +
∑

k

ωkn′(k)

)

Aα′,α(t) + 〈α′, n′(k)|V |α, n(k)〉 e−i(eα+
∑

k
ωkn(k))t F¸¤9h<X

W<69:gO�?
�U1�250�2��<SUOQ1�2 
71�=�4­�U�U49�325MPWg:a0

Aα′,α(t) = δα′,α +

∫ t

0

dt′ 〈α′, n′(k)|V |α, n(k)〉 e−i{eα−eα′+
∑

k
ωk[n(k)−n′(k)]}t′ FihaC<X
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〈α′, n′(k)| V |α, n(k)〉 F h;^NX
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Cα′,α(k) = −
∑

n

eikR0

n

∫

dxφ∗
α′ (x)∂xU(x − R0

n)φα(x)dx. F hgAgX
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〈α′, n′(k)|V |α, n(k)〉 = 〈n′(k)|
∑

k

1√
2mωkN

(

Cα′,α(k)ak + Cα′,α(−k)a+
k

)

|n(k)〉 F ha_<X

[;OQ1\��:a0 490�2�[J:gj;°V13��1eOQ:aT5WU�3IgMÏID0�[;�31¯6@?cMÅ�<�P�i�USU��132VW yn
[J:PM 8iI|F¸Ýa¤<XZ` d O92V69:g°V2�j;°�[J:gTV8c�a0�2�:a[w2VOQ:L�LID8;132 ak

I a+
k8iID�;Wg:�MP:g476QIa8;2V0�2

〈α′, n′(k)|V |α, n(k)〉 =
∑

k

1√
2mωkN

(

Cα′,α(k)
√

n(k)δn′(k′)−δk′,k ,n(k′) + Cα′,α(−k)
√

n(k) + 1δn′(k′)+δk′,k ,n(k′)

) FihDEUX

� Ig47:L�U��138g6Q2V�gOQ�a�J6Q25M;I�M;�
∫ t

0

dt′e−i∆Et′ =
1− e−i∆Et

i∆E
, ∆E = eα − eα′ +

∑

k

ωk [n(k) − n′(k)] .

d OQ2�[;OiI��PMP2V[w:PMP:ak;8c:g47=«[;OQ25�i�c:UM;jÎk;jJMP2V0�2�[w:D69OQ2Vkw:L�LIL=­WU��IgMPOi�L6­69:g�g6Q:��<�UOiIDT5j�[;OQ2��a2=89WU���5Ia4
1

(∆E)2
(2 − 2 cos(∆Et)) Fih<ÙaX
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��
���
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dP

dt
∼ 2 sin(∆Et)

∆E
→ 2πδ(∆E) F haÝgX

?@8g6Q13�V1�[w:L�LID8;�30 6Q:a�<69:�MP:<4>6iID8;250�2B8JIDWa:g8;1325� � �����
�����������
�
���������	�� ��!��"��� �#!$&%'�	$� �( �

dPα′,α(t)

dt
=







2π
∑

k δ(eα − eα′ + ωk)
|Cα′,α(k)|2

2mωkN n(k) eα − eα′ > 0

2π
∑

k δ(eα − eα′ − ωk)
|Cα′,α(−k)|2

2mωkN (n(k) + 1) eα − eα′ < 0

Fih<¢aX
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� G���49:]47WLID�\�DOQ8USU0£4�?J��138;:a0�0�2NMPTV1%MP�a:g0�I�476QI��U0�1 ΦI Ψ ��69�LIDOQ2

〈Φ|Ψ〉 =

∫

dx1..dxNΦ∗(x1, ..., xN )Ψ(x1, ..., xN ) Fiha¤<X
d�:a0�:P��:gjÕ49W�Ia�3�aO98c2V�;:�4�?c��138Uj 0�Úa°52V0�2z[w:D6Q:a0�8c�L¬747=ÎkJ�DTVjÑ6Q:a�<69:Á[;OQ1�2N4>6Q:aOQj {Φi}∞i=1

49[;  7JIL¬5?c�Vj [J:PMP0�132V8;WUS
:gO76Q:a8;:gO90�ID�31�6>S

〈Φi|Φj〉 = δij
Fih9h<X

IN?;[c��8;:<4>6Q1
∑

i

Φ∗
i (x1, ..., xN )Φi(x

′
1, ..., x

′
N ) = δ(x1 − x′

1)...δ(xN − x′
N ) F7^5CaC<X

d�:g49�325MP8c���U�\Ia47698;:<4>=�4QI�6Q1�25°�T5ID[c1349jL¬>2���6Q��IaO92
∑

i

|Φi〉 〈Φi| = 1. F>^NC;^�X

f­�DT��
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6QOQIa8c4>RH:gO90��g��132

Φ′
i =

∑

j

UijΦj ,
∑

k

U+
ikUkj = δij .

F7^5CgAgX

� �TS ����_`�+ *�.�'3. ]91 0+.�a 46��
/]��� �� �2!W(��F�F.5 `�F!"#W � ]R�F���Xa $@!W�F' ,�-/.� 
� Ig��8;250�2(6>�U0�°V2�471nT5I��a2NMP132V0�2(0�13254769:�138cMP2 �PjG��OQ25�a��8c:a0m[;OQ1�2N4>6Q:aOQ2 n 4�?;OQIgMP8;1\��j x = nd

y(xn) =
1√
N

N/2
∑

k=−N/2+1

ykei 2πk
Nd

xn F7^5Ca_<X

yk =
1√
N

N−1
∑

n=0

y(xn)e−i 2πk
Nd

xn F7^5CDEUX

0�13254769:]��25��:P�V�3492V�38;ÛV�c: k 491�T5I��a2NMP132V0�2 q = 2πk
Nd

W<69:gO9ÛB6Q2VOiIDT�[;OQ2Vk;132V�cI��V2VT��;:PMP8;:a6>S

q ∈
(

−π

d
+

2π

Nd
,
π

d

)

, ∆q =
2π

Nd
F7^5CgÙgX
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y(xn) =
1√
N

∫ π/d

−π/d

Nd

2π
dqyqe

iqxn F7^5CaÝ<X

yq =
1√
N

∞
∑

n=−∞
y(xn)e−iqxn F7^5C<¢aX
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y(q) =
√

Nyq
F7^5Ca¤<X

�V:�8JIDWa:g8;1325�B[;OQ1�8;2N47132

y(xn) =

∫ π/d

−π/d

d

2π
dqy(q)eiqxn F7^5C9h<X

y(q) =
∞
∑

n=−∞
y(xn)e−iqxn F7^a^5C<X
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N → ∞, d → 0, Nd = L � Ø#vU¿	 :D6Q:�T5:PMP[J:L�g25M;� Wa:g8<69138<jcj
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